Problem 1 — Chemical potential of solvent in an incompressible solution and osmotic pressure
Consider an incompressible binary solution of solute  and solvent  at temperature  and pressure , with constant molecular volumes . The volume fraction of solute is

The Gibbs free energy is

where  is the free-energy density per unit volume.

(a) Chemical potentials
Show that

Interpret physically the three contributions inside the bracket.
(b) Osmotic pressure
Define the osmotic pressure

Show that

Explain why  depends only on composition and temperature.

(c) Equilibrium with a pure solvent
The solution is separated from pure solvent by a semipermeable membrane. Show that equilibrium requires

Explain the physical meaning of osmotic pressure in terms of solvent chemical potential.
(d) Ideal solution
For

compute  for small  and recover van’t Hoff’s law.

Problem 2 — Failure of the pure-solute limit in the incompressible model
Using the result of Problem 1, analyze the limit .
(a) Formal limit
Show that

tends to

(b) Ideal-mixing singularity
For the ideal mixing free energy

show that
·  as ,
· but  diverges.
Explain why the combination  remains finite.
(c) Physical interpretation
Explain why the limit  does not yield the thermodynamics of a pure substance. Your discussion should address:
· disappearance of mixing entropy
· absence of the solvent component
· change in thermodynamic variables
· incompressibility constraint
(d) Density constraint
Show that in this model

so that at 

Explain why density is no longer a thermodynamic variable in the pure-component limit.

Problem 3 — Chemical potential of a pure compressible fluid
Consider a single-component fluid described by a Helmholtz free-energy density , where .
(a) Derivation of 
Show that

(b) Pressure relation
Show that the pressure is

Interpret this as a Legendre transform relation.

(c) Ideal gas example
For

derive

(d) Comparison with incompressible fluid
Assume instead an incompressible fluid with specific volume  (constant). Show that

Explain why this result cannot be obtained from part (a) by taking any limit of .
(e) Conceptual synthesis
Summarize why the chemical potential of a pure incompressible substance differs fundamentally from that of a compressible one, focusing on:
· allowed thermodynamic variables
· role of density fluctuations
· ensemble dependence

Problem 4 — Chemical potential in the Cahn–Hilliard model
Consider a binary incompressible mixture described by a conserved order parameter  (volume fraction of component ). The free-energy functional is

(a) Functional derivative
Show that the chemical potential is

Explain why this generalizes the homogeneous thermodynamic definition.
(b) CH dynamics
The Cahn–Hilliard equation is

Show that the total amount of component ,

is conserved.
(c) Dissipation
Show that

Interpret physically.
(d) Relation to incompressible solution thermodynamics
Explain why  here is a difference of chemical potentials

rather than the chemical potential of a single pure substance.

Problem 5 — Recovering osmotic pressure from CH theory
Consider a planar interface in equilibrium described by the CH free energy of Problem 4.
(a) Mechanical equilibrium
Show that for a stationary profile ,

(Hint: multiply the Euler–Lagrange equation by .)

(b) Interpretation
Show that this constant corresponds to minus the osmotic pressure:

Explain why  is uniform across the interface.
(c) Bulk phases
Show that in the bulk,

consistent with incompressible solution thermodynamics.
(d) Connection to surface tension
Show that the surface tension can be written as

Explain why this is analogous to an excess free energy per unit area.

Problem 6 — Pure-fluid limit vs binary CH model
Consider the symmetric double-well free energy

(a) Two-phase coexistence
Find the values of  that minimize .
(b) Attempted pure-phase interpretation
Suppose one tries to interpret  as a pure fluid of component . Explain why the CH model cannot describe compressibility of this pure phase.
(Hint: volume is fixed and  is bounded between 0 and 1.)
(c) Density interpretation
If the total mass density is constant,

show that

Explain why density fluctuations of the pure phase are forbidden.
(d) Contrast with compressible phase-field models
Briefly describe how the free energy would need to be modified to model a compressible single fluid.

Problem 7 — Chemical potential difference and diffusion
Consider a binary incompressible mixture with local chemical potential difference

Assume ideal mixing:

(a) Compute 
Show that

(b) Diffusion equation
Assuming flux

derive the nonlinear diffusion equation for .
(c) Dilute limit
For , show that the equation reduces to ordinary diffusion with diffusion coefficient

(d) Physical interpretation
Explain why diffusion in incompressible mixtures is driven by gradients of chemical potential difference rather than absolute chemical potentials.

Problem 8 — CH model and spinodal decomposition
Consider small fluctuations around a homogeneous state .
(a) Linear stability
Linearize the CH equation and show that Fourier modes evolve as

(b) Spinodal condition
Show that instability occurs when

Explain why this corresponds to negative compressibility of the mixture.
(c) Most unstable wavelength
Find the wave number of fastest growth.
(d) Conceptual link
Explain why this instability has no analogue in a single incompressible pure fluid.

Problem 9 — Flory–Huggins Polymer Solution: Binodal and Spinodal
Consider a polymer solution described by Flory–Huggins theory. The free-energy density per lattice site is

where:
·  = polymer volume fraction
·  = polymerization index
·  = interaction parameter
(a) Chemical potential and osmotic pressure
Derive the polymer chemical potential and osmotic pressure.
(b) Spinodal
Show that the spinodal condition is

Plot qualitatively the spinodal curve for large .
(c) Critical point
Find the critical composition  and critical interaction parameter .
Show that for ,

(d) Physical interpretation
Explain why long polymers phase-separate even at very low concentrations. Relate this to the entropy of mixing.

Problem 10 — Colloidal Suspension with Depletion Attraction
Consider hard-sphere colloids with an effective pair attraction induced by polymers (Asakura–Oosawa model). A mean-field free energy is

where  is the colloid volume fraction and  measures attraction strength.

(a) Binodal
Derive the coexistence conditions between two phases. Sketch the phase diagram in the  plane.
(b) Spinodal
Find the spinodal condition. Show that phase separation occurs when the effective attraction exceeds a threshold.
(c) Critical point
Determine the critical parameters. Compare with the lattice-gas / Ising model.
(d) Soft-matter interpretation
Explain how depletion interactions produce phase separation without direct attractive forces between colloids.

Problem 11 — Ternary Mixture and Miscibility Gap
Consider a ternary incompressible mixture of components A, B, C with volume fractions  satisfying
Assume symmetric interactions:


(a) Stability of homogeneous state
Compute the Hessian matrix of second derivatives of . Determine the condition for stability.
(b) Spinodal surface
Show that instability occurs when the smallest eigenvalue of the Hessian becomes negative. 
Find the condition for symmetric composition
.
(c) Phase behavior
Discuss qualitatively possible phase diagrams:
· three-phase coexistence
· two-phase regions
· microphase separation
(d) Soft-matter examples
Give real systems where ternary phase diagrams are relevant (e.g., microemulsions, lipid mixtures).

Problem 12 — Binodal vs Spinodal: Nucleation vs Spinodal Decomposition
Consider a binary mixture with double-well free energy .
(a) Common tangent construction
Explain geometrically how the binodal is obtained.
(b) Spinodal condition
Show that inside the spinodal region

Explain why small fluctuations grow spontaneously.
(c) Metastability
Explain why the region between binodal and spinodal corresponds to metastable states requiring nucleation.
Relate to classical nucleation theory.
(d) CH dynamics connection
Using the linearized CH equation, explain why unstable modes exist only inside the spinodal.
(e) Experimental signatures
Describe observable differences between:
· nucleation-and-growth
· spinodal decomposition
(e.g., domain morphology, scattering patterns).
